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Abstract: The ordered partition Π = {S1, S2, ..., Sk} of the vertices of the con-
nected graph G is a resolving partition, if for any vertex x ∈ V with respect
to the partition Π is the vector ζ(x|Π) = (d(x, S1), d(x, S2), ..., d(x, Sk)) where
d(x, Sj), 1 ≤ j ≤ k represents the distance between the vertex x and the set Sj, is
different for every pair of vertices and is denoted by pd(G). The partition dimen-
sion is the minimum of k for which there is a resolving partition. In this paper, we
investigate the partition dimension of the extended zero divisor graphs of certain
finite commutative rings.
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1. Introduction
The concept of resolvability and metric dimension was first introduced by Slater

in [16]. The development of this concept lead to many application to the arrange-
ment of the fewest possible loran/sonar detecting devices in a network to enable
the unique representation of each vertex’s position in relation to the devices in the
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set. Given that the metric dimension can reflect the least number of landmarks
that uniquely indicate a robot’s position as it moves in a graph space, this invariant
has a wide range of applications in the field of robotics.

The introduction of partition dimension by Chatrand et al. [3] came after the
invention of metric dimension by Slater P. J. [16]. The development of partition
dimension with standard results is given in [5]. These concepts can be used to
solve pattern recognition and image processing issues, which sometimes require
the usage of hierarchical data structures [11], as well as to the representation of
chemical molecules in chemistry [4]. Similar concepts have been studied in [12],
[13] and [14].

Throughout this paper, we denote R as a finite commutative ring with unity.
We denote Z(R)∗ and U(R) to represent the set of non-zero divisors and set of
unit elements of R respectively. Let Z(R)∗ be the vertices of a graph and for any
two distinct vertices x and y of R there exist two positive integers m and n such
that xmyn = 0 with xm ̸= 0 and yn ̸= 0 is known as the extended zero divisor
graph denoted by Λ(R). The ordered partition Π = {S1, S2, ..., Sk} of the vertices
of the connected graph G is a resolving partition, if for any vertex x ∈ V with
respect to the partition Π is the vector ζ(x|Π) = (d(x, S1), d(x, S2), ..., d(x, Sk))
where d(x, Sj), 1 ≤ j ≤ k represents the distance between the vertex x and the set
Sj, is different for every pair of vertices and is denoted by pd(G). The partition
dimension is the minimum of k for which there is a resolving partition. Note that
if G is a nontrivial connected graph, then pd(G) ≤ β(G) + 1. Moreover, if G is
nether a path or a complete graph with n ≥ 4, then 3 ≤ pd(G) ≤ n − 1. Refer
[1], [6], [10], [19] for other basic definitions from ring theory and graph theory. In
Section 2, we discuss the partition dimension of Λ(R) for some rings isomorphic to
Zm. In Section 3, we determine the partition dimension of Λ(Zm) for m = ls1l2, l

s
1l

s
2.

In Section 4, we study the partition dimension of Λ(Zm) for m = ls1l2l3, l
2
1l

2
2l3 where

l1, l2, l3 are primes and s is any positive integer.

2. Partition Dimension of Λ(R)

In this Section, we discuss the finiteness of the partition dimension of the ex-
tended zero divisor graph when R is a finite commutative ring. We also calculate
the partition dimension for the ring of integers modulo m for some particular cases.

Observation 2.1. By Lemma 2.2 of [5], if Π is a resolving partition of V (G), then
no vertices from the same distance similar class belong to the same elements of Π.

Theorem 2.1. Let R be a ring. Then

(i) pd(Λ(R)) is finite if and only if R is finite.
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(ii) pd(Λ(R)) is undefined if and only if R is an integral domain or R = Z4 or

R = Z2[X]
(X2)

.

Proof.

(i) The vertex set of Λ(R) is finite if R is a finite ring. On the other hand, let
us assume that pd(Λ(R)) is finite. Consider the resolving partition for Λ(R),
Π = {S1, S2, ..., Sk} with the cardinality k, k ≥ 0. The distance between any
two vertices of Λ(R) belongs to the set {0, 1, 2, 3} since the diam(Λ(R)) ≤ 3.

The k− vector ζ(v|Π) = (d(v, S1), d(v, S2), ..., d(v, Sk)) represents v with re-
spect to Π, and each coordinate is a member of the set {0, 1, 2, 3}. Therefore,
ζ(v|Π) has 4m possible values. Furthermore, since ζ(v|Π) is distinct for every
v in V (Λ(R)). Consequently, |V (Λ(R))| ≤ 4m. Hence the result.

(ii) Since 2 ≤ pd(Λ(R)) ≤ n for a connected graph of order n ≥ 2, pd(Λ(R)) is
undefined if and only if Λ(R) has an empty vertex set or a single vertex set.

Theorem 2.2. Let R be a ring. Then

(i) Λ(R) is a path if and only if pd(Λ(R)) = 2.

(ii) Λ(R) is a complete graph if and only if pd(Λ(R)) = n

(iii) If Λ(R) is a cycle, then pd(Λ(R)) = 3.

(iv) If Λ(R) is a star graph with n vertices, then pd(Λ(R)) = n− 1 for n ≥ 3 .

(v) If Λ(R) is a complete bipartite graph with Λ(R) ∼= Km,n, then

pd(Λ(R)) =

{
m+ 1, if m = n

max{m,n}, if m ̸= n.
.

(vi) If Λ(R) is a bipartite graph with Λ(R) ∼= Gm,n, then

pd(Λ(R)) ≤

{
m+ 1, if m = n

max{m,n}, if m ̸= n.
.

Proof. These results follows from Preposition 2.1,2.3 and Theorem 2.4 from [5].

Proposition 2.3. Let l1 and l2 are prime numbers. Then

(i) pd(Λ(Zm)) = l1 − 1 if m = 2l1 for l1 > 2.

(ii) pd(Λ(Zm)) = l2 − 1 if m = l1l2 for l1 < l2, l1, l2 > 2.
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(iii) pd(Λ(Zm)) = 2(l1 − 1) if m = 4l1 for l1 > 2.

(iv) pd(Λ(Zm)) = |Z(Λ(Zm))
∗| if m = ls1 for l1 ≥ 2, s ≥ 2.

Proof.

(i) If m = 2l1 and l1 > 2, then Λ(Zm) is a star graph with l1 vertices. Therefore,
pd(Λ(Zm)) = l1 − 1.

(ii) Ifm = l1l2 for l1 < l2, l1, l2 > 2, then Λ(Zm) is a complete bipartite graph with
partite sets of cardinality l1 − 1 and l2 − 1. Since l1 < l2, pd(Λ(Zm)) = l2 − 1.

(iii) If m = 4l1 for odd primes, it is clear that the vertices are partitioned into 2
distinct distance similar equivalence classes of U1 = {l1s | 1 ≤ s ≤ 3}, U2 =
{2t | 2t < n and t ̸= l1, t ∈ N} which forms a complete bipartite graph
with partite sets of cardinality 3 and 2(l1 − 1). Hence, by Theorem 2.2,
pd(Λ(Zm)) = 2(l1 − 1).

(iv) If m = ls1 for l1 ≥ 2, s ≥ 2, then Λ(Zm) is a complete graph with |Z(Λ(Zm))
∗|

vertices. Therefore, pd(Λ(Zm)) = |Z(Λ(Zm))
∗|.

3. Partition Dimension of Λ(Zm) when m is a product of 2 prime powers
Given that the overall graphs in those scenarios turn out to be a degree more

complex, it is unclear how our methods may be extended to the product of more
than three primes and so we limit our study to certain particular cases. Now,
we compute the partition dimension of Zm for m = ls1l2 based on two conditions:
l1 < l2 < l3 and l1 > l2, as shown in the following results.

Proposition 3.1. Let m = ls1l2, l1 > l2 numbers with l1 < l2 < l3, l1, l2 ≥ 2, s ≥
2,m ̸= 4l1, then pd(Λ(Zm)) = ls−1

1 (l2 − 1).
Proof. Ifm = ls1l2, l1 < l2 < l3, then the vertices can be partitioned into 3 distance
similar equivalence classes as
U1 = {tl1 < m | t ∈ N}\{tl2 | t ∈ N},
U2 = {tl2 < m | t ∈ N}\{tl1 | t ∈ N},
U3 = {tl1l2 < m | t ∈ N}.
Let us denote Ui = {a[i][j]}, 1 ≤ i ≤ 3, 1 ≤ j ≤ |Ui|. Consider the set of partition
Π = {S1, S2, ..., Sls−1

1 (l2−1)}.
S1 = {a[1][1], a[2][1]},
S2 = {a[1][2], a[2][2]},
...
S|U2| = {a[1][|U2|], a[2][|U2|]},
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S|U2|+1 = {a[1][|U2|+1], a[3][1]},
...
S|U2|+|U3| = {a[1][|U2|+|U3|], a[3][|U3|]},
...
Sls−1

1 (l2−1) = {a[1][ls−1
1 (l2−1)]}.

The partition representation of a[i][j] with respect to the set Π is given by
ζ(a[1][j]|Π) = (1, 1, ..., 1︸ ︷︷ ︸

|U2|

, 1, 1, ..., 1︸ ︷︷ ︸
|U3|

, 2, 2, ..., 2), jth coordinate is 0,

ζ(a[2][j]|Π) = (1, 1, ..., 1), jth coordinate is 0,
ζ(a[3][j]|Π) = (1, 1, ..., 1), (j + |U2|)th coordinate is 0.

By the above representation, ζ(a[i][j]|Π) has a unique partition representation.
Hence, Π is a resolving partition and pd(Λ(Zm)) ≤ ls−1

1 (l2 − 1).

Since |U1| = ls−1
1 (l2 − 1) and by Observation 2.1, pd(Λ(Zm)) ≥ ls−1

1 (l2 − 1).
Therefore, pd(Λ(Zm)) = ls−1

1 (l2 − 1) and this proves the result.

Proposition 3.2. Let m = ls1l2, l1 > l2 numbers with l1 > l2, l1, l2 ≥ 2, k ≥ 2,m ̸=
4l1, then pd(Λ(Zm)) = ls−1

1 (l1 − 1).
Proof. If m = ls1l2, l1 > l2, then the vertices can be partitioned into 3 distance
similar equivalence classes as
U1 = {tl2 < m | t ∈ N}\{tl1 | t ∈ N},
U2 = {tl1 < m | t ∈ N}\{tl2 | t ∈ N},
U3 = {tl1l2 < m | t ∈ N}.
Let us denote Ui = {a[i][j]}, 1 ≤ i ≤ 3, 1 ≤ j ≤ |Ui|. Consider the set of partition
Π = {S1, S2, ..., Sls−1

1 (l1−1)}.
S1 = {a[1][1], a[2][1]},
S2 = {a[1][2], a[2][2]},
...
S|U2| = {a[1][|U2|], a[2][|U2|]},
S|U2|+1 = {a[1][|U2|+1], a[3][1]},
...
S|U2|+|U3| = {a[1][|U2|+|U3|], a[3][|U3|]},
...
Sls−1

1 (l1−1) = {a[1][ls−1
1 (l1−1)]}.

The partition representation of a[i][j] with respect to the set Π is given by
ζ(a[1][j]|Π) = (1, 1, ..., 1︸ ︷︷ ︸

|U2|

, 2, 2, ..., 2), jth coordinate is 0,

ζ(a[2][j]|Π) = (1, 1, ..., 1), jth coordinate is 0,
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ζ(a[3][j]|Π) = (1, 1, ..., 1︸ ︷︷ ︸
|U2|

, 1, 1, ..., 1︸ ︷︷ ︸
|U3|

, 2, 2, ..., 2), (j + |U2|)th coordinate is 0.

By the above representation, ζ(a[i][j]|Π) has a unique partition representation.
Hence, Π is a resolving partition and pd(Λ(Zm)) ≤ ls−1

1 (l1 − 1).

Since |U1| = ls−1
1 (l1 − 1) and by Observation 2.1, pd(Λ(Zm)) ≥ ls−1

1 (l1 − 1).
Therefore, pd(Λ(Zm)) = ls−1

1 (l1 − 1) and this proves the result.

The upcoming theorem shows the partition dimension of Zm for m = ls1l
s
2.

Proposition 3.3. Let m = ls1l
s
2, l1 > l2 with l1 < l2, l1, l2 ≥ 2, then

pd(Λ(Zm)) = ls−1
1 ls−1

2 (l2 − 1).
Proof. For m = ls1l

s
2, the vertices can be partitioned into 3s − 1 distance similar

equivalence classes as
U1 = {tl1 < m | t ∈ N}\{tl2 | t ∈ N},
U2 = {tl2 < m | t ∈ N}\{tl1 | t ∈ N},
U3 = {tl1l2 < m | t ∈ N}\

⋃3s−1
i=4 Ui,

U4 = {tl21l2 < m | t ∈ N}\
⋃3s−1

i=5 Ui,
U5 = {tl1l22 < m | t ∈ N}\

⋃3s−1
i=6 Ui,

U6 = {tl21l22 < m | t ∈ N}\
⋃3s−1

i=7 Ui,
U7 = {tl31l22 < m | t ∈ N}\

⋃3s−1
i=8 Ui,

U8 = {tl21l32 < m | t ∈ N}\
⋃3s−1

i=9 Ui,
U9 = {tl31l32 < m | t ∈ N}\

⋃3s−1
i=10 Ui,

...,
U3s−3 = {tls−1

1 ls−1
2 < m | t ∈ N}\

⋃3s−1
i=3s−2 Ui,

U3s−2 = {tls1ls−1
2 < m | t ∈ N}\U3s−1,

U3s−1 = {tls−1
1 ls2 < m | t ∈ N}.

Let us denote Ui = {a[i][j]}, 1 ≤ i ≤ 3s− 1, 1 ≤ j ≤ |Ui|.
From Figure 1, we can see that the distance similar class U1 is connected to

the distance similar classes U5, U8, U11, ..., U3s−1 and the distance similar class U2

is connected to the distance similar classes U4, U7, U10, ..., U3s−2 and the distance
similar classes from U3 to U3s−1 are connected to one another and themselves.
Now, Consider the set of partition Π = {S1, S2, ..., Sls−1

1 ls−1
2 (l2−1)}.

S1 = {a[1][1], a[2][1]},
S2 = {a[1][2], a[2][2]},
...
S|U2| = {a[1][|U2|], a[2][|U2|]},
S|U2|+1 = {a[1][|U2|+1], a[3][1]},
...
S|U2|+|U3| = {a[1][|U2|+|U3|], a[3][|U3|]},
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S|U2|+|U3|+1 = {a[1][|U2|+|U3|+1], a[4][1]},
...
Sls−1

1 ls−1
2 (l2−1) = {a[1][ls−1

1 ls−1
2 (l2−1)]}.

U1

U2
U3

U4

U5

U6

U3s-1

U3s-2

U7

U8

U9

U3s-3

Figure 1: E(Zls1l
s
2
)

The partition representation of a[i][j] with respect to the set Π is given by
ζ(a[1][j]|Π) = (1, 1, ..., 1︸ ︷︷ ︸

|U2|

, 2, 2, ..., 2︸ ︷︷ ︸
|U3|+|U4|

, 1, 1, ..., 1︸ ︷︷ ︸
|U5|

, 2, 2, ..., 2︸ ︷︷ ︸
|U6|+|U7|

, 1, 1, ..., 1︸ ︷︷ ︸
|U8|

, ...,

2, 2, ..., 2︸ ︷︷ ︸
|U3s−3|+|U3s−2|

, 1, 1, ..., 1︸ ︷︷ ︸
|U3s−1|

, 2, 2, ..., 2), jth coordinate is 0,

ζ(a[2][j]|Π) = (1, 1, ..., 1), jth coordinate is 0,
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For i = 3k − 1, k ≥ 2,

ζ(a[3k−1][j]|Π) = (1, 1, ..., 1), (j +
3k−2∑
i=2

|Ui|)th coordinate is 0,

For i = 3k, k ≥ 1,

ζ(a[3k][j]|Π) = (2, 2, ..., 2︸ ︷︷ ︸
|U2|

, 1, 1, ..., 1︸ ︷︷ ︸
3s−1∑
i=3

|Ui|

, 2, 2, ..., 2), (j +
3k−2∑
i=2

|Ui|)th coordinate is 0,

For i = 3k + 1, k ≥ 1,

ζ(a[3k+1][j]|Π) = (1, 1, ..., 1︸ ︷︷ ︸
3s−1∑
i=2

|Ui|

, 2, 2, ..., 2), (j +
3k∑
i=2

|Ui|)th coordinate is 0.

By the above representation, ζ(a[i][j]|Π) has a unique partition representation.
Hence, Π is a resolving partition and pd(Λ(Zm)) ≤ ls−1

1 ls−1
2 (l2 − 1).

Since |U1| = ls−1
1 ls−1

2 (l2 − 1) and by Observation 2.1,
pd(Λ(Zm)) ≥ ls−1

1 ls−1
2 (l2 − 1). Therefore, pd(Λ(Zm)) = ls−1

1 ls−1
2 (l2 − 1) and this

proves the result.

4. Partition Dimension of Λ(Zm) when m is a product of 3 prime powers

In the following results, we calculate the partition dimension of Zm form = ls1l2l3
using two conditions when l1 < l2 < l3 and l1 > l2 > l3.

Proposition 4.1. Let m = ls1l2l3 where l1, l2 and l3 are prime numbers with
l1 < l2 < l3, l1, l2, l3 ≥ 2, s ≥ 2, then pd(Λ(Zm)) = ls−1

1 (l2 − 1)(l3 − 1).
Proof. If m = ls1l2l3, l1 < l2 < l3, then the vertices can be partitioned into 7
distance similar equivalence classes as

U1 = {tl1 < m | t ∈ N}\
7⋃

i=2

Ui,

U2 = {tl2 < m | t ∈ N}\
7⋃

i=1,i ̸=2

Ui,

U3 = {tl3 < m | t ∈ N}\
7⋃

i=1,i ̸=3

Ui,

U4 = {tl1l2 < m | t ∈ N}\U7,
U5 = {tl1l3 < m | t ∈ N}\U7,
U6 = {tl2l3 < m | t ∈ N}\U7,
U7 = {tl1l2l3 < m | t ∈ N}.
Let us denote Ui = {a[i][j]}, 1 ≤ i ≤ 7, 1 ≤ j ≤ |Ui|. Consider the set of partition
Π = {S1, S2, ..., Sls−1

1 (l2−1)(l3−1)}.
S1 = {a[1][1], a[2][1], a[3][1], a[4][1]},
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S2 = {a[1][2], a[2][2], a[3][2], a[4][2]},
...
S|U4| = {a[1][|U4|], a[2][|U4|], a[3][|U4|], a[4][|U4|]},
S|U4|+1 = {a[1][|U4|+1], a[2][|U4|+1], a[3][|U4|+1], a[5][1]},
...
S|U4|+|U5| = {a[1][|U4|+|U5|], a[2][|U4|+|U5|], a[3][|U4|+|U5|], a[5][|U5|]},
...
Sls−1

1 (l2−1)(l3−1) = {a[1][ls−1
1 (l2−1)(l3−1)]}.

The partition representation of a[i][j] with respect to the set Π is given by
ζ(a[1][j]|Π) = (2, 2, ..., 2︸ ︷︷ ︸

|U4|

, 2, 2, ..., 2︸ ︷︷ ︸
|U5|

, 1, 1, ..., 1︸ ︷︷ ︸
|U6|

, 1, 1, ..., 1︸ ︷︷ ︸
|U7|

, 2, 2, ..., 2),

jth coordinate is 0,
ζ(a[2][j]|Π) = (2, 2, ..., 2︸ ︷︷ ︸

|U4|

, 1, 1, ..., 1︸ ︷︷ ︸
|U5|

, 2, 2, ..., 2︸ ︷︷ ︸
|U6|

, 2, 2, ..., 2︸ ︷︷ ︸
|U7|

, 3, 3, ..., 3),

jth coordinate is 0,
ζ(a[3][j]|Π) = (1, 1, ..., 1︸ ︷︷ ︸

|U4|

, 2, 2, ..., 2︸ ︷︷ ︸
|U5|

, 2, 2, ..., 2︸ ︷︷ ︸
|U6|

, 2, 2, ..., 2︸ ︷︷ ︸
|U7|

, 3, 3, ..., 3),

jth coordinate is 0,
ζ(a[4][j]|Π) = (1, 1, ..., 1︸ ︷︷ ︸

|U3|

, 2, 2, ..., 2︸ ︷︷ ︸
|U4|−|U3|

, 1, 1, ..., 1︸ ︷︷ ︸
|U5|

, 1, 1, ..., 1︸ ︷︷ ︸
|U6|

, 1, 1, ..., 1︸ ︷︷ ︸
|U7|

, 2, 2, ..., 2),

jth coordinate is 0,
ζ(a[5][j]|Π) = (1, 1, ..., 1︸ ︷︷ ︸

|U2|

, 2, 2, ..., 2︸ ︷︷ ︸
|U4|+|U5|−|U2|

, 1, 1, ..., 1︸ ︷︷ ︸
|U6|

, 1, 1, ..., 1︸ ︷︷ ︸
|U7|

, 2, 2, ..., 2),

(j + |U4|)th coordinate is 0,
ζ(a[6][j]|Π) = (1, 1, ..., 1), (j + |U4|+ |U5|)th coordinate is 0,
ζ(a[7][j]|Π) = (1, 1, ..., 1), (j + |U4|+ |U5|+ |U6|)th coordinate is 0.

By the above representation, ζ(a[i][j]|Π) has a unique partition representation.
Hence, Π is a resolving partition and pd(Λ(Zm)) ≤ ls−1

1 (l2 − 1)(l3 − 1).

Since |U1| = ls−1
1 (l2 − 1)(l3 − 1) and by Observation 2.1, pd(Λ(Zm)) ≥ ls−1

1 (l2 −
1)(l3 − 1). Therefore, pd(Λ(Zm)) = ls−1

1 (l2 − 1)(l3 − 1) and this proves the result.

Proposition 4.2. Let m = ls1l2l3 where l1, l2 and l3 are prime numbers with
l1 > l2 > l3, l1, l2, l3 ≥ 2, s ≥ 2, then pd(Λ(Zm)) = ls−1

1 (l1 − 1)(l2 − 1).
Proof. If m = ls1l2l3, l1 > l2 > l3, then the vertices can be partitioned into 7
distance similar equivalence classes as

U1 = {tl3 < m | t ∈ N}\
7⋃

i=2

Ui,
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U2 = {tl2 < m | t ∈ N}\
7⋃

i=1,i ̸=2

Ui,

U3 = {tl1 < m | t ∈ N}\
7⋃

i=1,i ̸=3

Ui,

U4 = {tl1l2 < m | t ∈ N}\U7,
U5 = {tl1l3 < m | t ∈ N}\U7,
U6 = {tl2l3 < m | t ∈ N}\U7,
U7 = {tl1l2l3 < m | t ∈ N}.
Let us denote Ui = {a[i][j]}, 1 ≤ i ≤ 7, 1 ≤ j ≤ |Ui|. Consider the set of partition
Π = {S1, S2, ..., Sls−1

1 (l1−1)(l2−1)}.
S1 = {a[1][1], a[2][1], a[3][1], a[4][1]},
S2 = {a[1][2], a[2][2], a[3][2], a[4][2]},
...
S|U4| = {a[1][|U4|], a[2][|U4|], a[3][|U4|], a[4][|U4|]},
S|U4|+1 = {a[1][|U4|+1], a[2][|U4|+1], a[3][|U4|+1], a[5][1]},
...
S|U4|+|U5| = {a[1][|U4|+|U5|], a[2][|U4|+|U5|], a[3][|U4|+|U5|], a[5][|U5|]},
...
Sls−1

1 (l1−1)(l2−1) = {a[1][ls−1
1 (l1−1)(l2−1)]}.

The partition representation of a[i][j] with respect to the set Π is given by
ζ(a[1][j]|Π) = (1, 1, ..., 1︸ ︷︷ ︸

|U4|

, 2, 2, ..., 2︸ ︷︷ ︸
|U5|

, 2, 2, ..., 2︸ ︷︷ ︸
|U6|

, 1, 1, ..., 1︸ ︷︷ ︸
|U7|

, 2, 2, ..., 2),

jth coordinate is 0,
ζ(a[2][j]|Π) = (2, 2, ..., 2︸ ︷︷ ︸

|U4|

, 1, 1, ..., 1︸ ︷︷ ︸
|U5|

, 2, 2, ..., 2︸ ︷︷ ︸
|U6|

, 2, 2, ..., 2︸ ︷︷ ︸
|U7|

, 3, 3, ..., 3),

jth coordinate is 0,
ζ(a[3][j]|Π) = (2, 2, ..., 2︸ ︷︷ ︸

|U4|

, 2, 2, ..., 2︸ ︷︷ ︸
|U5|

, 1, 1, ..., 1︸ ︷︷ ︸
|U6|

, 2, 2, ..., 2︸ ︷︷ ︸
|U7|

, 3, 3, ..., 3),

jth coordinate is 0,
ζ(a[4][j]|Π) = (1, 1, ..., 1), jth coordinate is 0,
ζ(a[5][j]|Π) = (1, 1, ..., 1︸ ︷︷ ︸

|U2|

, 2, 2, ..., 2︸ ︷︷ ︸
|U4|+|U5|−|U2|

, 1, 1, ..., 1︸ ︷︷ ︸
|U6|

, 1, 1, ..., 1︸ ︷︷ ︸
|U7|

, 2, 2, ..., 2),

(j + |U4|)th coordinate is 0,
ζ(a[6][j]|Π) = (1, 1, ..., 1︸ ︷︷ ︸

|U4|

, 1, 1, ..., 1︸ ︷︷ ︸
|U5|

, 2, 2, ..., 2︸ ︷︷ ︸
|U4|+|U5|+|U6|−|U3|

, 1, 1, ..., 1︸ ︷︷ ︸
|U7|

, 2, 2, ..., 2),

(j + |U4|+ |U5|)th coordinate is 0,
ζ(a[7][j]|Π) = (1, 1, ..., 1), (j + |U4|+ |U5|+ |U6|)th coordinate is 0.
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By the above representation, ζ(a[i][j]|Π) has a unique partition representation.
Hence, Π is a resolving partition and pd(Λ(Zm)) ≤ ls−1

1 (l1 − 1)(l2 − 1).

Since |U1| = ls−1
1 (l1 − 1)(l2 − 1) and by Observation 2.1, pd(Λ(Zm)) ≥ ls−1

1 (l1 −
1)(l2 − 1). Therefore, pd(Λ(Zm)) = ls−1

1 (l1 − 1)(l2 − 1) and this proves the result.

In the following results, we calculate the partition dimension of Zm form = l21l
2
2l3

using three conditions when l1 < l2 < l3, l1 < l3 < l2 and l1 > l2 > l3.

Proposition 4.3. Let m = l21l
2
2l3, where l1, l2 and l3 are primes with l1 < l2 <

l3, l1, l2, l3 ≥ 2, then pd(Λ(Zm)) = l1l2(l2 − 1)(l3 − 1).
Proof. If m = l21l

2
2l3, l1 < l2 < l3, then the vertices can be partitioned into 9

distance similar equivalence classes as

U1 = {tl1 < m | t ∈ N}\
9⋃

i=2

Ui,

U2 = {tl2 < m | t ∈ N}\
9⋃

i=1,i ̸=2

Ui,

U3 = {tl3 < m | t ∈ N}\
9⋃

i=1,i ̸=3

Ui,

U4 = {tl1l2 < m | t ∈ N}\U7 ∪ U8 ∪ U9,
U5 = {tl1l3 < m | t ∈ N}\U7 ∪ U8 ∪ U9,
U6 = {tl2l3 < m | t ∈ N}\U7 ∪ U8 ∪ U9,
U7 = {tl1l2l3 < m | t ∈ N}\U8 ∪ U9,
U8 = {tl21l2l3 < m | t ∈ N},
U9 = {tl1l22l3 < m | t ∈ N}.
Let us denote Ui = {a[i][j]}, 1 ≤ i ≤ 9, 1 ≤ j ≤ |Ui|. Consider the set of partition
Π = {S1, S2, ..., Sls−1

1 ls−1
2 (l2−1)(l3−1)}.

S1 = {a[1][1], a[2][1], a[3][1], a[4][1]},
S2 = {a[1][2], a[2][2], a[3][2], a[4][2]},
...
S|U4| = {a[1][|U4|], a[2][|U4|], a[3][|U4|], a[4][|U4|]},
S|U4|+1 = {a[1][|U4|+1], a[2][|U4|+1], a[3][|U4|+1], a[5][1]},
...
S|U4|+|U5| = {a[1][|U4|+|U5|], a[2][|U4|+|U5|], a[3][|U4|+|U5|], a[5][|U5|]},
...
Sl1l2(l2−1)(l3−1) = {a[1][l1l2(l2−1)(l3−1)]}.

The partition representation of a[i][j] with respect to the set Π is given by
ζ(a[1][j]|Π) = (2, 2, ..., 2︸ ︷︷ ︸

|U4|+|U5|

, 1, 1, ..., 1︸ ︷︷ ︸
|U6|

, 2, 2, ..., 2︸ ︷︷ ︸
|U7|+|U8|

, 1, 1, ..., 1︸ ︷︷ ︸
|U9|

, 2, 2, ..., 2),

jth coordinate is 0,
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ζ(a[2][j]|Π) = (2, 2, ..., 2︸ ︷︷ ︸
|U4|

, 1, 1, ..., 1︸ ︷︷ ︸
|U5|

, 2, 2, ..., 2︸ ︷︷ ︸
|U6|+|U7|

, 1, 1, ..., 1︸ ︷︷ ︸
|U8|

, 2, 2, ..., 2︸ ︷︷ ︸
|U9|

, 3, 3, ..., 3),

jth coordinate is 0,
ζ(a[3][j]|Π) = (1, 1, ..., 1︸ ︷︷ ︸

|U4|

, 2, 2, ..., 2︸ ︷︷ ︸
|U5|+|U6|+...+|U9|

, 3, 3, ..., 3), jth coordinate is 0,

ζ(a[4][j]|Π) = (1, 1, ..., 1︸ ︷︷ ︸
|U3|

, 2, 2, ..., 2︸ ︷︷ ︸
|U4|−|U3|

, 1, 1, ..., 1︸ ︷︷ ︸
|U5|+|U6|+...+|U9|

, 2, 2, ..., 2), jth coordinate is 0,

ζ(a[5][j]|Π) = (1, 1, ..., 1︸ ︷︷ ︸
|U2|

, 2, 2, ..., 2︸ ︷︷ ︸
|U4|+|U5|−|U2|

, 1, 1, ..., 1︸ ︷︷ ︸
|U6|

, 2, 2, ..., 2︸ ︷︷ ︸
|U7|+|U8|

, 1, 1, ..., 1︸ ︷︷ ︸
|U9|

, 2, 2, ..., 2),

(j + |U4|)th coordinate is 0,
ζ(a[6][j]|Π) = (1, 1, ..., 1), (j + |U4|+ |U5|)th coordinate is 0,
ζ(a[7][j]|Π) = (1, 1, ..., 1︸ ︷︷ ︸

|U4|

, 2, 2, ..., 2︸ ︷︷ ︸
|U5|+|U6|

, 1, 1, ..., 1︸ ︷︷ ︸
|U7|+|U8|+|U9|

, 2, 2, ..., 2),

(j +
6∑

i=4

|Ui|)th coordinate is 0,

ζ(a[8][j]|Π) = (1, 1, ..., 1︸ ︷︷ ︸
|U2|

, 2, 2, ..., 2︸ ︷︷ ︸
|U4|+|U5|−|U2|

, 1, 1, ..., 1︸ ︷︷ ︸
|U6|+|U7|+|U8|+|U9|

, 2, 2, ..., 2),

(j +
7∑

i=4

|Ui|)th coordinate is 0,

ζ(a[9][j]|Π) = (1, 1, ..., 1), (j +
8∑

i=4

|Ui|)th coordinate is 0.

By the above representation, ζ(a[i][j]|Π) has a unique partition representation.
Hence, Π is a resolving partition and pd(Λ(Zm)) ≤ l1l2(l2 − 1)(l3 − 1).

Since |U1| = l1l2(l2 − 1)(l3 − 1) and by Observation 2.1, pd(Λ(Zm)) ≥ l1l2(l2 −
1)(l3 − 1). Therefore, pd(Λ(Zm)) = l1l2(l2 − 1)(l3 − 1) and this proves the result.

Proposition 4.4. Let m = l21l
2
2l3, where l1, l2 and l3 are primes with l1 < l3 <

l2, l1, l2, l3 ≥ 2, then pd(Λ(Zm)) = l1l2(l1 − 1)(l3 − 1).
Proof. If m = l21l

2
2l3, l1 < l3 < l2, then the vertices can be partitioned into 9

distance similar equivalence classes as in Preposition 4.3.
Let us denote Ui = {a[i][j]}, 1 ≤ i ≤ 9, 1 ≤ j ≤ |Ui|. Consider the set of partition
Π = {S1, S2, ..., Sls−1

1 ls−1
2 (l2−1)(l3−1)}.

S1 = {a[1][1], a[2][1], a[3][1], a[4][1]},
S2 = {a[1][2], a[2][2], a[3][2], a[4][2]},
...
S|U4| = {a[1][|U4|], a[2][|U4|], a[3][|U4|], a[4][|U4|]},
S|U4|+1 = {a[1][|U4|+1], a[2][|U4|+1], a[3][|U4|+1], a[5][1]},
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...
S|U4|+|U5| = {a[1][|U4|+|U5|], a[2][|U4|+|U5|], a[3][|U4|+|U5|], a[5][|U5|]},
...
Sl1l2(l1−1)(l3−1) = {a[1][l1l2(l1−1)(l3−1)]}. The partition representation of a[i][j] with
respect to the set Π is same as in the Preposition 4.3 except for ζ(a[4][j]|Π).
ζ(a[4][j]|Π) = (1, 1, ..., 1︸ ︷︷ ︸

|U3|

, 1, 1, ..., 1︸ ︷︷ ︸
|U4|+|U5|−|U3|

, 1, 1, ..., 1︸ ︷︷ ︸
|U6|+...+|U9|

, 2, 2, ..., 2), jth coordinate is 0.

By the above representation, ζ(a[i][j]|Π) has a unique partition representation.
Hence, Π is a resolving partition and pd(Λ(Zm)) ≤ l1l2(l1 − 1)(l3 − 1).

Since |U1| = l1l2(l1 − 1)(l3 − 1) and by Observation 2.1, pd(Λ(Zm)) ≥ l1l2(l1 −
1)(l3 − 1). Therefore, pd(Λ(Zm)) = l1l2(l1 − 1)(l3 − 1) and this proves the result.

Proposition 4.5. Let m = l21l
2
2l3, where l1, l2 and l3 are primes with l1 > l2 >

l3, l1, l2, l3 ≥ 2, then pd(Λ(Zm)) = l1l2(l1 − 1)(l2 − 1).
Proof. If m = l21l

2
2l3, l1 > l2 > l3, then the vertices can be partitioned into 9

distance similar equivalence classes as in Preposition 4.3.
Let us denote Ui = {a[i][j]}, 1 ≤ i ≤ 9, 1 ≤ j ≤ |Ui|. Consider the set of partition
Π = {S1, S2, ..., Sls−1

1 ls−1
2 (l2−1)(l3−1)}.

S1 = {a[3][1], a[2][1], a[1][1], a[4][1]},
S2 = {a[3][2], a[2][2], a[1][2], a[4][2]},
...
S|U4| = {a[3][|U4|], a[2][|U4|], a[1][|U4|], a[4][|U4|]},
S|U4|+1 = {a[3][|U4|+1], a[2][|U4|+1], a[1][|U4|+1], a[5][1]},
...
S|U4|+|U5| = {a[3][|U4|+|U5|], a[2][|U4|+|U5|], a[1][|U4|+|U5|], a[5][|U5|]},
...
Sl1l2(l1−1)(l2−1) = {a[3][l1l2(l1−1)(l2−1)]}.

The partition representation of a[i][j] with respect to the set Π is given by
ζ(a[1][j]|Π) = (2, 2, ..., 2︸ ︷︷ ︸

|U4|+|U5|

, 1, 1, ..., 1︸ ︷︷ ︸
|U6|

, 2, 2, ..., 2︸ ︷︷ ︸
|U7|+|U8|

, 1, 1, ..., 1︸ ︷︷ ︸
|U9|

, 3, 3, ..., 3),

jth coordinate is 0,
ζ(a[2][j]|Π) = (2, 2, ..., 2︸ ︷︷ ︸

|U4|

, 1, 1, ..., 1︸ ︷︷ ︸
|U5|

, 2, 2, ..., 2︸ ︷︷ ︸
|U6|+|U7|

, 1, 1, ..., 1︸ ︷︷ ︸
|U8|

, 2, 2, ..., 2︸ ︷︷ ︸
|U9|

, 3, 3, ..., 3),

jth coordinate is 0,
ζ(a[3][j]|Π) = (1, 1, ..., 1︸ ︷︷ ︸

|U4|

, 2, 2, ..., 2︸ ︷︷ ︸
|U5|+|U6|+...+|U9|

, 2, 2, ..., 2), jth coordinate is 0,

ζ(a[4][j]|Π) = (1, 1, ..., 1), jth coordinate is 0,
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ζ(a[5][j]|Π) = (1, 1, ..., 1︸ ︷︷ ︸
|U2|

, 1, 1, ..., 1︸ ︷︷ ︸
|U4|+|U5|+|U6|−|U2|

, 2, 2, ..., 2︸ ︷︷ ︸
|U7|+|U8|

, 1, 1, ..., 1︸ ︷︷ ︸
|U9|

, 2, 2, ..., 2),

(j + |U4|)th coordinate is 0,
ζ(a[6][j]|Π) = (1, 1, ..., 1︸ ︷︷ ︸

|U4|+|U5|

, 2, 2, ..., 2︸ ︷︷ ︸
|U6|+|U7|

, 1, 1, ..., 1︸ ︷︷ ︸
|U8|

, 2, 2, ..., 2︸ ︷︷ ︸
|U9|

, 2, 2, ..., 2), (j + |U4| + |U5|)th

coordinate is 0,
ζ(a[7][j]|Π) = (1, 1, ..., 1︸ ︷︷ ︸

|U4|

, 2, 2, ..., 2︸ ︷︷ ︸
|U5|+|U6|

, 1, 1, ..., 1︸ ︷︷ ︸
|U7|+|U8|+|U9|

, 2, 2, ..., 2),

(j +
6∑

i=4

|Ui|)th coordinate is 0,

ζ(a[8][j]|Π) = (1, 1, ..., 1︸ ︷︷ ︸
|U2|

, 1, 1, ..., 1︸ ︷︷ ︸
|U4|+|U5|+|U6|−|U2|

, 1, 1, ..., 1︸ ︷︷ ︸
|U7|+|U8|+|U9|

, 2, 2, ..., 2),

(j +
7∑

i=4

|Ui|)th coordinate is 0,

ζ(a[9][j]|Π) = ( 1, 1, ..., 1︸ ︷︷ ︸
|U4|+|U5|+...+|U9|

, 2, 2, ..., 2), (j +
8∑

i=4

|Ui|)th coordinate is 0.

By the above representation, ζ(a[i][j]|Π) has a unique partition representation.
Hence, Π is a resolving partition and pd(Λ(Zm)) ≤ l1l2(l1 − 1)(l2 − 1).

Since |U3| = l1l2(l1 − 1)(l2 − 1) and by Observation 2.1, pd(Λ(Zm)) ≥ l1l2(l1 −
1)(l2 − 1). Therefore, pd(Λ(Zm)) = l1l2(l1 − 1)(l2 − 1) and this proves the result.

5. Conclusion
In this paper, we have investigated the partition dimension of the extended zero

divisor graphs of some finite commutative rings particularly some cases of ring of
integers modulo m. To investigate partition dimension in other cases like multiple
product of prime powers in the ring of integers modulo m and establish similar
results for other graphs like total graph, unit graph, line graphs etc,. is an open
area of research.
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[15] Rodŕıguez-Velázquez, J. A., Yero, I. G. & Lemańska, M., On the partition
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